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Universal fluctuations in the tail probability for d = 2 random walks in space-time
random environments
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Many diffusive systems involve correlated random walkers due to a shared environment. Such systems can
be modeled as random walks in random environments (RWRE). These models differ from classical diffusion in
the behavior of the extremes—the walkers that move the fastest or farthest. In spatial dimension d = 1, RWRE
models have been well studied numerically and analytically and exhibit universal behavior in the Kardar-Parisi-
Zhang universality class. Here we study discrete lattice RWRE models in d = 2. We find that the tail probability
exhibits a different universal scaling form, which is nevertheless characterized by the same coefficient, Ay, as in
the d = 1 case. We observe a critical scaling regime for fluctuations in the tail probability at positions that scale

linearly in time.
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I. INTRODUCTION

The random walk in a random environment (RWRE) model
takes into account the shared environment in which parti-
cles diffuse, unlike classical diffusion which treats particles
as independent and identical [1-3]. The shared environment
is important to the behavior of the extremes: those that
travel the fastest or farthest. In many biological and physical
systems, such as sperm cells searching for eggs [4,5], cal-
cium ions traveling across dendritic spinal structures [6], and
contagions spreading through a population [7-9], the mean-
ingful action is accomplished by the first, or first handful, of
arriving agent(s). Studies of diffusion in random environments
have primarily focused on modelsind = 1 [10-15] or random
environments that are quenched with respect to time [16-20].
Analytical and numerical results show that RWRE models
in dimension d = 1 fall into the Kardar-Parisi-Zhang (KPZ)
universality class [11,13-15,21-26] (an analogous link has
been conjectured for d > 1 [21]), which describes growth pro-
cesses of random media [27], turbulent liquid crystals [28,29],
and directed polymers [30,31]. However, diffusion across sur-
faces and through volumes is physically relevant, and thus it
is necessary to understand diffusion in shared environments in
d>1.

To study diffusion in shared environments, we consider a
two-dimensional discrete lattice model. We model the shared
environment as a random forcing field affecting the nearest-
neighbor transition probabilities for every site X for all times
t (see Fig. 1, top). These transition probabilities are indepen-
dently sampled from the same underlying distribution, v. The
probability to be at site X at time ¢ can then be expressed
by a master equation based on the probability at neighboring
sites at time ¢t — 1 [Eq. (2)]. The time- and space-averaged
environment sets the diffusion coefficient D [Eq. (4)], which
controls the motion of typical particles. We define an extreme
diffusion coefficient, Dy, which controls the statistics of the
extremes of the distribution. Quantitatively, Dy, is defined as
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the variance of a single jump averaged over all environments
[see Eq. (5)]. Qualitatively, Dy, encodes the stickiness, the
degree to which particles happen to arrive at the same site
at the same time subsequently move along the same trajec-
tory. Thus, D¢y — 0 reduces to classical diffusion, wherein
trajectories are independent, and Dy — D corresponds to
totally sticky motion, wherein particles move in lockstep for
all time. The underlying distributions we study are chosen to
interpolate between these different behaviors. We study the
extreme behavior by measuring the tail probability the net
probability past a circle of some radius r (see Fig. 1, bottom,
and Fig. 2). We show that the parameter D,y is sufficient to
universally describe the first-order tail probability (see Fig. 3)
and its fluctuations over all distributions v (see Fig. 4). These
fluctuations flow to a constant when r o< ¢ [see Eq. (8) and
Fig. 4], in contrast to the d = 1 case where fluctuations flow
to a constant when r oc £3/4,

II. RWRE MODEL DESCRIPTION

We consider random environments in which the probability
of moving in each cardinal direction changes at each time
and each location, as in a random forcing field. Our model
is visualized in Fig. 1 (top).

Let n = {%,9, —%, —9} denote the set of cardinal direc-
tions. Let v be a probability distribution on the space of
probability distributions on n. We denote E, [e], Var, [e] to be
the expectation value and variance over all samples of v. We
define the environment & = {&;, : X € Z°,t € Z>o}, where
&z, is a probability distribution on n, independently sampled
according to v, for each lattice site (X, 7). We refer to &, as
the jump distribution of a random walk. At each space-time
pair, the direction of the jump is chosen randomly according
to the jump distribution, &; ;. Since every jump distribution is
only defined on the cardinal directions, r, we only consider
nearest-neighbor random walks. We also only consider en-
vironments with no net drift and equal diffusion coefficients
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FIG. 1. Illustration of the space-time evolution of the probability
mass function defined in Eq. (2) and the definition of the tail proba-
bility IP’5(|§(1)| > r) for an RWRE in d = 2. The color indicates the
relative probability. Top: Probability mass function for t = 0, 1, 2.
We begin with unit probability at the origin. We generate four random
numbers between [0,1] from some distribution, assign each of them
to a direction, then move the probability from the origin to each
nearest-neighbor according to those random numbers. At the next
time step, for each site with nonzero probability, a set of random
numbers is independently drawn from the same distribution, and
probability is moved to that site’s nearest neighbors.Bottom: Prob-
ability mass function at time t+ = 500 for a single § We sum the
probability past a circle of radius r (hatched area) to find the tail
probability P4(|S()| > r).

along the x and y directions, such that Zﬁen E,[E@)]n = 6,
and E,[£(72)] = 1/4 for all i in n. Note, here and below we
drop the subscript on E,[£(e)] since all &, are independent
and identically distributed (i.i.d.) according to v.

Let S(t) € Z?* denote a random walk starting at the origin
such that §(0) = 0. Let P£ denote the probability measure of a
random walk in the environment &, and let E%[e] and Varé[e]
be the corresponding expectation value and variance. In the
environment &, the probability of a random walk at §(t) =X
transitioning to St+1)=x+nis

PESG+ 1) =%+ | 80) =%) = &.(R) (1)

for 71 € n. Then the probability of a random walk being at site
% at time ¢, P$(S(t) = X), obeys the recursion relation

PGS+ 1) =% =) P5S(t) =% — e as(®)  (2)

nen

with the initial condition P4(5(0) = 0) = 1.

A. Extreme diffusion coefficient

We define
1 Dext
Aext = - ——, 3
ext 2D _ Dext ( )
where
1
D= ) (- WEJE®) @

nen
is the diffusion coefficient of a random walk in the average
environment. Since we only consider environments where
E,[E({)] = 1/4 for all 1 € n, then D = 1/4. We define Dey,
the extreme diffusion coefficient, as

Dey, : = +Var, [E4[Y]]
TE[(EEY])?] — 1E,[E5[YP, ®)

where Y is a single step in a random walk, drawn from &,.
Thus we see EE[Y] =) icn &z, (7). Since we only consider
net drift free systems, ]EV[]EE[Y]] = 6, so we drop the second
term in Eq. (5). Thus, D¢ simplifies to

1
Dew = ZEo| | Yo ibeiGi) | - | Yo inkei(i) | |- (©)

r‘zlen ﬁzen

Note that we have defined Aey; and Dey; as the d =2
extension of their definition in studies of the d = 1 model
[14]. In the case of d = 1, a single step of a random walk
is a scalar quantity; therefore, D¢y = %EU[(Zi Ex,t(i)i)z]. To
appropriately generalize this definition to d = 2, a single step
becomes a vector, and thus we take the dot product to compute
the variance.

B. Choices of distribution

We now describe the choices of v that we implement nu-
merically. These distributions include environments in which
random walks stick to one another, and environments which
are homogeneous, as in the case of classical diffusion. Note
that the homogeneous environment, which returns classical
diffusion, is the one where &(71)) = 1/4 for all 7i € n, called
the simple symmetric random walk (SSRW). These choices
probe the universality of d = 2 RWRE models.

(1) The Dirichlet distribution. Let & (1) = X;,/(Zﬁ X;) for
il € n, where X; are independent Gamma random variables
with shape o € R.( and rate 8 = 1 such that X; = x with
probability density x*~'e™*/I" (), where I'(x) is the Gamma
function. This distribution is completely determined by the
parameter o. As a — oo, £(7i) — 1/4 for all 71 € n, so the
SSRW is obtained. As o« — 0, £(71)) = 1 for one 71 € n and
&(n) = 0 otherwise. This corresponds to a perfectly sticky
environment so that the jump distribution is concentrated
in one direction. As the Dirichlet distribution is the multi-
term generalization of the Beta distribution, it is a natural
choice to explore the full range between SSRW and perfectly
sticky. In this work we choose «; = («/I_O)i /+/1000 for i =
0,1,2,3,4,5,6.

(2) Log normal. Let £(ft) = X; /(D _, Xa), where X;, are in-
dependent log-normal random variables with location p = 0
and scale 0 =1 such that X; = x with probability density
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FIG. 2. The set of radii, r, vs time, ¢, at which we measure
P5(|§(t)| > r). The red line shows r = t.

(e~n0/2) /(x+/277). The log-normal distribution was chosen
as a nonpathological but non-Dirichlet distribution to test
whether the shape of the distribution mattered for a fixed D
and Dey;.

(3) Random Delta. Let )?1 and }?2 be two random vec-
tors uniformly sampled from n without replacement, and set
£(X)) = £(X,) = 1/2 and £(#) = 0 otherwise. The random-
delta distribution is a pathological case in the sense that the
magnitude is fixed and randomness only enters in the form of
the imposing only two directions.

(4) Corner. Let X; and X, be independent uni-
form random variables on the interval [0,1], and set
E@)=X1/2,E@) =1 —X;)/2 and similarly, &(—X)=
X>/2, E(—9) = (1 — X3)/2. The corner distribution is a
second pathological case in the sense that this distribution
breaks spatial symmetry while still respecting the zero net
drift and isotropy conditions.

III. NUMERICAL MEASUREMENTS

We study the statistics of the tail probability, P*
(|§(t)| > r), where |¥| is the L? norm of the vector ¥. This
is the probability that a random walk in a given random envi-
ronment is past a circle with radius r. A visualization of the
definition of the tail probability is shown in Fig. 1 (bottom).
The tail probability is relevant to the behavior of extreme
particles, and its d = 1 analog has been studied extensively for
the RWRE model [11,15,21,22,24,25]. As in those works, we
look at the statistics of In (P4(|S(#)| > r)). At each measure-
ment time ¢, logarithmically spaced from ¢ = 1 tot = 10000,
we compute the tail probability past a number of different
values for r. Figure 2 plots these pairs (r, t). To generate these

pairs we evaluated and r = vt'/2, r = \/l;th’ r = vt, where v is

varied from 1073 to 10. We exclude pairs of r and ¢ for which
r > t (shown as ared line in the figure). Additionally, we only
use r > 3 to exclude short-time lattice effects.

>\ext
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FIG. 3. Collapse of the negative mean, with respect to v, of the
natural log of the tail probability to a master curve when plotted
against the Gaussian prediction 72/¢. Equation (7) is plotted as a
red line, showing the validity of this prediction. The color of each
data point indicates the value of Ay from 0.004 (cyan) to 4 (pink).
Marker shape indicates choice of v: Dirichlet (circles), random-delta
(triangles), corner distribution (squares).

We numerically evolve the probability mass function of
a random walk by direct implementation of Eq. (2) for a
(t/2+ 1) x (¢/2 + 1) lattice with origin in the center out to
time = 10 000. We choose this lattice size to optimize the
memory usage of our high-performance computing cluster. As
this will necessitate probability mass leaving our simulation
volume, we use absorbing boundary conditions to collect this
probability mass. The effects of the absorbing boundary con-
dition on the tail probability are negligible. We average our
data over 500 realizations of & for each v.

IV. RESULTS

As shown in Fig. 3, the mean of the log of the tail proba-
bility, [, [In (PE(S@)| = )], yields the first-order Gaussian
behavior as t — oo such that [21]

2
E,[In (PE(IS()| = r)] ~ —r?. (7)

We expect this Gaussian behavior because the average envi-
ronment is homogeneous, as in classical diffusion.
In Fig. 4 (top) we plot the scaled variance

rz’;m Var,[In (P§(|S(r)| > r))] for every r,f, and v as a
function of time, . We plot the median value of the scaled
variance in each of 50 logarithmically spaced bins in time,
for each choice of v, colored by the value of A.y. We plot the
median value of all data in black. The scaling factor 12 /r* Ay
collapses nearly all of the data onto a single constant as a
function of time. Thus, the large deviation regime in which

r o<t will result in a constant-in-time variance of the tail
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FIG. 4. Universal critical behavior of the tail probability in the
large deviation regime. Color gradient encodes the value of A
from 0.004 (blue) to 4 (pink). Top: Variance of In (]P’E(|§(t)| >r))
as a function of ¢, normalized by Aeq7?/t>. The black line plots
the median across all v, calculated as described in the text. The
solid colored lines plot the median for each v. Bottom: Variance
of In (P4(|S(t)| > r)) as a function of Aegr2/t2. Markers indicates
specific choices of v: Dirichlet (circles), random-delta (triangles),
and the corner distribution (squares). Vertical lines indicate where
r =t for each value of Ay.

probability. Therefore, the critical scaling regime is the large
deviation regime. As discussed in Sec. IV A, when r/t — 1,
there is nonuniversal, but easily explained, behavior. This
data is excluded from the median calculation.

We find that the data collapses onto

2
Var, [In (BE(S(@)] > r)] = cheu (8)

for r < ¢, where we empirically determine ¢ & 1.3. Note that
for d = 1 RWRE models this prefactor is analytically deter-
mined [14]. We replot our data in Fig. 4 (bottom) onto this
universal form, which shows that A. captures all relevant
information about the environment (i.e., the choice of v).

The parameter Ay characterizes the stickiness of ran-
dom walks in the given environment, i.e., how likely two
random walks at the same site and same time will remain
together. To illustrate, consider the following limits. When
the environment is homogeneous in space and time, as in the
classical model for diffusion, we recover the SSRW wherein
&(n) = 1/4 for all 72 € n. Trajectories are uncorrelated, and
the variance across all samples of v of a single jump is 0. Thus,
Dexi — 0, and Aexe — 0. In contrast, a completely sticky en-
vironment has, at each site and time, a jump distribution with
unit probability in one random nearest-neighbor direction. In
this instance the variance across all samples of v of a single
jump will approach D, and thus Aey — 00.

A. Nonuniversal behavior

For a given value of A, as r approaches ¢ we see the
transition to nonuniversal behavior in the fluctuations for
the tail probability. This behavior is fundamentally a lattice
effect driven by the narrowing of the number of possible
paths between the origin and sites past ». When r = ¢, there
will only be four sites at or past r. Thus, the fluctuations of
PE(|S(7)| = 1) will be well described as the fluctuations of
the sum of four random and independent paths, and so our
measured variance should scale linearly with ¢ for large z.
When plotting the mean (Fig. 3), this appears as deviations
from the Gaussian prediction, and when plotted on our master
curve (Fig. 4, bottom), this appears as a deviation to a vertical
line at Aexq.

We explicitly compute

PEIS() =1) =Y PES() = th) Q)

as a sum over the four cardinal paths.
We consider the probability of reaching site 772 along a
cardinal path,

P4(S(t) = th) = [ [ &),  and
i=1

In(PES () = ti)) = ) In (5 i(R)). (10)

i=1

Thus, we find the variance for a single site at the end of the
cardinal path to be

Var, [In(P4(S(1) = tA))] = ) Var,[In (&.:(7))]

i=1
= tVar,[In (&, ()], (11

where in the first line we used the fact that &z, are independent
at different lattice sites (X, t), and in the second line used the
property that all &z, are identically distributed.
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To calculate the variance of the tail probability at r = ¢, we
need to consider all four cardinal paths to find

Var, [In(P4(1S(t)| = 1))]

= Var, [111 (Z P(S(r) = m)ﬂ

~ Var, [In(4P4(S(r) = th))] (12)

using the approximation

Y PES@) = th) ~ 4PES (1) = th), (13)
nen
which we expect to be reasonable in the limit that ¢+ — oo,

because the variable P4(S(7) = th) is independent and identi-
cally distributed for all 7 € n, except at t = 0. Therefore,

Var, [In(P4(IS ()] =1))]
~ Var,[In(4) + In(P*(S(¢) = th))]
= Var, [In(P§(S(¢) = t7))]
= tVar,[In(&z ,(7))]. (14)

Thus, the variance of the tail probability when r = ¢ scales
linearly with time as t — oo.

V. CONCLUSION

We have shown in this paper that RWRE models exhibit
universal fluctuations of the tail probability in d = 2. We find
the critical scaling occurs for r o ¢, in contrast to the d = 1
case for which the critical scaling regime is r oc t3/4. As the
large deviation regime is the upper bound on scalings for our
model, this means that d = 2 RWRE models exhibit universal
behavior in every scaling. Additionally, the fluctuations of
the tail probability decrease in time at every scaling except
the critical scaling. Thus, RWRE models in d = 2 approach
classical behavior at long times in every regime except for
the large deviation regime. This results raises the important
question of whether or not a critical regime exists in d > 2.
In the d = 1 RWRE case, the critical scaling regime r o 3/
can be translated into precise statements about the scaling of
the fluctuations in the extreme location at time ¢ (the position
of the particle farthest from the origin) and the extreme first
passage time at distance L (the shortest time for a particle to
reach L). While analogous translations have yet to be done for
the d = 2 case, the critical scaling regime of r o f requires
that the analogous fluctuations must have a slower scaling
than in 1d. Thus, one should expect that the extremes, in

the asymptotic limit that # — o0, in 2d systems will be more
predictable than in 1d.

A scaling argument in Ref. [21] and unpublished math-
ematical work by Drillick and Parekh conjecture a critical
scaling regime for d =2 RWRE models [32] that differs
from the empirically observed large deviation regime. In those
works, through a weak disorder one loop RG argument [21]
and by studying the tail probability past a line [32], the authors
find the critical scaling regime to occur at line positions
t/+/Int. This discrepancy is intriguing and will require more
work. The fluctuations in the tail probability past a line can be
understood as effectively local, since they will be dominated
by the fluctuations at the point of the line’s closest approach
to the origin. However, the tail probability past a circle will
always be global, since every point on the circle is equidistant
to the origin and thus the fluctuations are not dominated by
any single point. One might expect these two measurements
to differ by logarithmic corrections. Further work is necessary
to resolve this difference: empirical studies of the fluctuations
past a line and analytical studies of the fluctuations past a
circle.

The critical scaling regime in d =1 relates to the
(1 4+ 1)d KPZ equation. As we have uncovered the d = 2 crit-
ical scaling regime, it is natural to ask whether it relates to the
(24 1)d KPZ equation [31,33]. Perhaps a detailed exami-
nation of the full distribution of the tail probability will be
illuminating. Additionally, it would be valuable to extend the
exploration of d = 2 RWRE models to cover long-range jump
kernels as well as other measurements such as probability to
reach a point and probability to reach a line.
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